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DDPM: Denoising Diffusion Probabilistic Models*

True data dist. : 2o ~ g(xo)

Markov assumption
Forward process: ¢(z1.7|2o) := H q(@e|re—1 ‘7

Reverse process: Pe(To.r) := p(ar Hpe Ty—1|Tt)
t=1

\-_—’

i~

*[2006.11239] Denoising Diffusion Probabilistic Models (arxiv.org)



https://arxiv.org/abs/2006.11239

DDPM: Denoising Diffusion Probabilistic Models

Forward Diffusion Process

q(z1.7|T0) = HQ Ti|r—1)

Each Step

q(xi|ri—1) = N(xe; /1 = Beap—1, Bel) or . = /1 — Brxy—1 + \/B_tét—1

norm invariant

noise schedule /3, controls the diffusion process

For arbitrary t

T
Q(ﬁt\l‘o) = N(ﬂft; Vo, (1 — @t)I) a; =1— 3 and oy = HOéi

i=1
Tt =VoZo+ V1 —ay -2



DDPM: Denoising Diffusion Probabilistic Models

Reverse Diffusion Process if 3, is small enough, ¢(x:—1|x:) will also be Gaussian

pg(,jljo T wt 1’3315 pQ(iEt—1|$t) s N(wt—l;“(?(wtat)a 29($t7t))

||’:]ﬂ

Reverse when condition on zg

all three are forward processes
e D
g(z+]zo)

Q(éUt—l\ﬂ?t; 33'0) - Q(xt|$t—la IO)

— Q($t—1|ﬁ?t, $0) = N(Xt—1§ ﬁ(Xt, Xo), ,Btl)

VAl =ai-y) o Vb ] (o= By )
1—ay T—a; ° Ja\'




DDPM: Denoising Diffusion Probabilistic Models

Negative Log Likelihood to Variational Lower Bound

/ Known

Q(Xl:T|X0)
pQ(XO:T)

—logpy(x0) => E, {log

Explicit parameterization

po(at,t) :\/L—t(mt— ffj_t zo(2t,t))

po(xi—1]|Te) = N(@i—1; g4, 1), Xo (24, 1)) {

3g(ws,t) = J?I Bt

two options o =3<1—a;,
—— B

— %

Model The Noise (Residual) :
Denolser
— (1)
I _ N R X, — V1 — vz’ (Xi,t)

LiMPl = By, [||zt — zo(Vamo + VI = oztzt,t)||2] Xy (x) = =t

Covariance has analytical optimal form (Estimating the Optimal Covariance with Imperfect Mean in Diffusion Probabilistic Models)

T
] —> ZPKL q(xt—1/xt, %0)| || PB(Xt—1|Xt)l
t=2

6


https://arxiv.org/abs/2206.07309

DDPM: Denoising Diffusion Probabilistic Models

i
po(zo) = /p(wT)HPe(mt—llwt)d-’vnT < - po(@i-1|ze) = N(z-15 o (21, 1), B (24, ) < - 2 ~N(0,1)
i=1

Algorithm 1 Training Algorithm 2 Sampling

1: repeat 1: x7 ~ N(0,T)

2: Xo ~ q(Xo) 2: fort=T,...,1do

3: ¢~ Uniform({1,...,T}) 3. z~N(0,I)ift > 1,elsez =0

4: €~ N(0,I) - —

5: Take gradient descent step on 4 X1 = N (xt - —‘—ng(xt, t)) + oz

Vo ||€ —zg(varxo + /1 — ae, t)“2 5: end for
6: return xo

6: until converged




DDPM: Denoising Diffusion Probabilistic Models

T
zo ~ q(zo) = q@lei) =N /T= B, BI) —  gl@rr|zo) = [ [ a(@s|zis
=1

T
g4 {g) = / o(er) [ La

1m 2 Sampling

xTNN(O,I)
fort=1T,...,1do
z~N(0,1)ift > 1,elsez =0

Xt_1 = \/La_t (xt - \}%ze(xt,t)) + 01z
end for
return xg

ake gradient descent step on

Vo ||e —zg(Varxo + V1 — aue, t)”2

6: until converged

SARAE I A




DDIM: Denoising Diffusion Implicit Models*

Reverse Process: deterministic given x;, xg, with oy = 0

V31—«
Ti—1 = V01T + i

Vima V)

Sampling:

~

— (1)
Ty — /1 — ez x
Ti—1 =/ Op—q ( ! % t)) + 1 =0 'Zét) (x¢)

~ —~  “direction pointing to x”

?predicted xzg”

.:r>\:n,

Accelerated Generation Processes

(333|$1; 330)

[2010.02502] Denoising Diffusion Implicit Models (arxiv.org)



https://arxiv.org/abs/2010.02502
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Plug-and-Play Image Restoration

Measurement (degradation model):

y =HX+n

Reconstruction (Bayes' theorem):

X ~ p(x]y)
< p(x)p(y|x)

Maximum A Posteriori (MAP) estimation:

x = arg max log p(y|x) + log p(x)

11



Plug-and-Play Image Restoration

1

Substitute degradation model y = Hx + n: X = arg min Y] |y — H(x)|]* + A\P(x)
x o

Introduce auxiliary variable Z:

Lagrange multiplier:

Half Quadratic Splitting (HQS) algorithm:

{

s

\

n

data term prior term

1
X = arg min 2—2‘YH(X>||2+)\P(Z) st. z=X
x o

1 L
L, (x,2) = @Hy —HX)[? + AP(2) + 5 lz - x||?

. 1 5
Zj, = argimin ||Z — Xk || -+ P(Z) Prior
TVaVmE Z
N ~— ~ prior
consistence
Xp_1 = arg min\||y — ’H(X)H%eraiﬂx - zk.||2/ Data

X v
condition

"
consistence

12



Plug-and-Play Image Restoration

: 1 by definition :
arg min Sz —xil* +P(z) L >z = Denoiser(Xi, \/ A/ 1)

z ?(—\N\/PL) Xk;:ZiH-WEE

-~ 4 prior
consistence

degradation models

—

.. MOy + przi _
Inpaintin = =—MGox
p g X1 M+ o y
R . 2 2Ix — o0 |2 EaTi 7Y )
argin [y — OO +poilx 2l 1 pepying o, — 7 (mﬂy)wﬂza) v—x®k+n
condition consistence -F(k)]:(k) + Pk
(1 — (F(k)d) s _ bicubic
L, =F1' —(d-Fk) o, =X n
SR (pk( e (F(k)F(k)) s +.0k)) Y by

—

d = F(K)F(y Tss) + peF (zk)

1
5 Valy = H (=)

i Xp_1 ~ Z —
Approximately X1 k 210

n

13



Plug-and-Play Image Restoration

Previous Iterative Approaches:

«  Empirically chosen schedules ®
«  Discriminative denoisers ®

i = 5 e
y ‘ > || JE ARk
7 ] S <) e
~
| TR ETS ik
| a % Q ) Q %
I I I
a=H(o,s) N N N
A A A o

Introduce Diffusion Models:

«  Well-defined sampling schedules/trajectories ©

«  Generative prior © But where does the generative power come from?

Image from: cszn/USRNet: Deep Unfolding Network for Image Super-Resolution (CVPR, 2020) (PyTorch) (github.com) 14



https://github.com/cszn/USRNet

Denoising Diffusion Models for Plug-and-Play Image Restoration

— (1)
_ zy — V1 —aey’ (x4) - (t)
Ti—1 = /Oy_ — + 1l —a4_1-€ T
~ - ~  “direction pointing to x”
”predicted xzg”
(1) _ - 2
X, = argmin 2T2Hz —x¢||” + P(z)
One iteration HQS - estimate x( )(Xt;y) N z o »
(T . 2 t)2
Xy = argmin [ly — H(x)[|” + pef[x — x|
X
1 "
Calculate the predicted conditional noise €(x¢,y) = (x¢ — \/@txgt) (x¢,Y))

1 -y

Finish one sampling step by adding noise back Xi1 = /@ 1x0 (x¢,¥) + /1 — as_1(y/1 — C&(xt,y) + V/Cet)

In this page we use €g instead zp to avoid confusion 15



Denoising Diffusion Models for Plug-and-Play Image Restoration

HQS algorithm
(2 = argmin % 1z — x[|* + P(2) Algorithm 1 DiffPIR
z \2(\/ A ) ) ‘;:;’
) o P Require: sp, 1T, y, op, {5:,}?:1-. G A A 9, s
Xp_1 = argmin ||y — H(x)||> + po?||x — zx|? 1: Initialize X7~ N(0,1), pre-calculate p; = Aoy, /7.
x N ~~ g ~- - 2: fort =T to1do
\ condition consistence unconditionaly 3 xf]” = \/ix_;, (x¢ + (1 — ay)so(x¢,t)) // Predict zo with

score model as denoisor
< (t NS 2 2
4: 2" = argmin,_ |ly —H(x)||?+ p||x —x (£) | #/ Solving
data proximal subproblem

DiffPIR 11

(@ 1 ) €= \/—(x;, \/Ex” ) // Calculate effective é(X¢,y)
x{) = argmin — 12— xi||* + P(2) 6 o~ NOD
(1) - ) ® T = VasiXy +VI- e (VI- G+ Vi) //
\ Xy = arg min Hy - ’H(X) H + pt HX — Xy H Finish one step reverse diffusion sampling
8: end for
(X1 — )"(gt) 9: return xg

o
G
Approximately %\ ~ x| — 2/\;2 Veoly - H(x))?

16



Denoising Diffusion Models for Plug-and-Play Image Restoration

But where does the generative power come from?

HQS algorithm

’

\

1
7). = argmin ————||z — xx||* + P(z) +——— X} for denoising problem is not a “noisy image”

s

~
consistence

X;—1 = arg min [[y — H(x)||*
x A - >

prior

+ o2 x — 2

P
condition

DiffPIR

1
x\!) = arg min sozllz = x| + P(z)

Z

£ = argmin ||y — H(x)||? + pellx —

NG

W
consistence

t
x|12

fix

4

A

17



Denoising Diffusion Models for Plug-and-Play Image Restoration

(% = \/i@_t(xt VT —aze(xe, 1))

Po(@i-1le) | % = argmin|ly - HEOI” + pillx - x|
X

(X1 = vVa1ix P (%, y) + V1 — a1 (V1 — C2(xs,y) + VCer)

arg min [y — H()[2 + pel}x — x

()2
l

- Ours
= DDIM

denoiser

18



Denoising Diffusion Models for Plug-and-Play Image Restoration

/ t=1000 I

\P-.r

Can skip this part!

)

19



Ablation Study: Sampling Steps & Start Timestep

Effect of sampling steps Effect of start sampling timestep

10.32 27.4 10.32

o
=
oo

\
tstart = 400 tstart = 200

PSNR/dB
LPIPS
PSNR/dB
LPIPS

26.4 1

10.26 0.24

‘ ‘ | 26.0 ’ |
N 102 103 1000/100 400/64  200/36
NFEs (5 star t /NFEs

20



Ablation Study: Effect of Hyperparameters

A 0.1 1.0 10 100 1000 10000

e s .

-

« A<l > thenoise is amplified 02

« 2>1000 = more unconditional os b

* (~1 - more blurry ;
0.8

~s

1.0 U

-

» >, |>. &
r.
A - b - % a»
LY LN e L) Sham
. : A
N 4

= 2
U

= =
(3
? ‘e’
—
2
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Quantitative Results

FFHQ Deblur (Gaussian) Deblur (motion) SR (x4)

Method NFEs| PSNRT FID| LPIPS| PSNRt FID| LPIPS| PSNR{1 FID| LPIPS]
DiffPIR 100 27.36 59.65 0.236 26.57 65.78 0.255 26.64 65.77 0.260
DPS [£] 1000 25.46 65.57 0.247 23.31 73.31 0.289 25.77 67.01 0.256
DDRM [29] 20 25.93 101.89 0.298 - - - 27.92 89.43 0.265
DPIR [57] >20 27.79 123.99 0.450 26.41 146.44 0.467 28.03 133.39 0.456
ImageNet Deblur (Gaussian) Deblur (motion) SR (x4)

Method NFEs| PSNRT FID| LPIPS| PSNRT FID| LPIPS| PSNR{ FID| LPIPS|
DiffPIR 100 22.80 93.36 0.355 24.01 124.63 0.366 23.18 106.32 0.371
DPS [¥] 1000 19.58 138.80 0.434 17.75 184.45 0.491 22.16 114.93 0.383
DDRM [29] 20 22.33 160.73 0.427 - - - 23.89 118.55 0.358
DPIR [52] >20 23.86 189.92 0.476 23.60 210.31 0.489 23.99  204.83 0.475

Table 1. Noisy quantitative results on FFHQ (top) and ImageNet (bottom). We compute the average PSNR (dB), FID and LPIPS of
different methods on Gaussian deblurring, motion deblurring and 4 x SR.



Quantitative Results

FFHQ Inpaint (box) Inpaint (random) Deblur (Gaussian) Deblur (motion) SR (x4)

Method NFEs| FID| LPIPS| PSNR{ FID| LPIPS| PSNR{ FID| LPIPS| PSNR{ FID| LPIPS| PSNR{ FID| LPIPS|
DiffPIR 20 35.72 0.117 34.03 30.81 0.116 30.74 46.64 0.170 37.03  20.11 0.084 29.17 58.02 0.187
DiffPIR 100 25.64 0.107 36.17 13.68 0.066 31.00 39.27 0.152 37.53 11.54 0.064 29.52 47.80 0.174
DPS [¥] 1000 4349 0.145 34.65 33.14 0.105 27.31 51.23 0.192 26.73 58.63 0.222 27.64 59.06 0.209
DDRM [29] 20 37.05 0.119 31.83 56.60 0.164 28.40 67.99 0.238 - - 30.09 68.59 0.188

DPIR [52] >20 - - - - - 30.52 96.16 0.350 38.39 27.55 0.233 3041 96.16  0.362

Table 2. Noiseless quantitative results on FFHQ. We compute the average PSNR (dB), FID and LPIPS of different methods on inpainting,
deblurring, and SR.



Qualitative Results: Noisy 4x SR

DiffPIR (20) DiffPIR

A ==

(100) Ground Truth

DPS (1000)
-/ P ‘ ) S 7 =

7
/4

25



Qualitative Results: Noisy Motion Deblurring

Measurement DPIR (20) DPS (100) DPS (1000) DiffPIR (20) DiffPIR (100)

*All methods used the same diffusion model as denoiser

Ground Truth

26



Diverse Reconstruction: Inpainting

Measurement Sample 1 Sample 2 Sample 3 Sample 4

Sample 5

Ground Truth

27



Diverse Reconstruction:

Measurement

Sample 1 Sample 2

16x SR (o, = 0.05)

0.05)

8% SR (o,

Super Resolution

Sample 5

Sample 3 Sample 4

' Ground Truth

28
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Additional Slides on Diffusion Models for IR

Sampling from the Posterior

Likelihood
Posterior P (YI 9)
P01Y)

noise noise

Rev. T. Bayss



SDE-based Generative Models: A Unified Framework*

Forward SDE (data — noise)
@ dx = f(x, t)dt + g(t)dw
o . score functln 8(9 x, " O't
'(— dx = [f(x,t) — t{V log pt ( i] dt + g(t)dw

Reverse SDE (noise — data)

N——

*[2011.13456] Score-Based Generative Modeling through Stochastic Differential Equations (arxiv.orq) 31



https://arxiv.org/abs/2011.13456

SDE-based Generative Models: A Unified Framework

known Gaussian when f(x,t) if affine

Training Objective (DSM)

0% = argmin Ey_p 0,1y { N6)Ea(0)Ea(yjwo) [l[56 (£(t), 1) — V() log por ((2)[2(0)) 5]}

Discretizations dr = f(a:, t)dt 4+ g(t)dw
SDE Form Discrete Markov Chain SDE Expression
Variance Exploding (VE) SDE dlo2(t
(ISICSN;J( ) T =Ti—1 +1/02 — 02 1z dr = | dt( )]dw

Variance Preserving (VP) SDE 1
(DDPM) z; = V1= Bizic1 +/Bizi—1 dr = 55@)33(175 + /B(t)dw



SDE-based Generative Models: A Unified Framework

Model: DDPM and SDE point of views

Score in score-based model is affine transformation of predicted noise in DDPM

Ty =/ ouxog+ V1 — o - € Equivalent one step forward

so(xe,t) =~ Vg, logp(xi|Ty) Denoising score matching

Ty — /O : :
LN hes Gaussian assumption
1 — oy
€
v1— oy
7@:9(:13,5, t)

N

Q

33



SDE-based Generative Models: A Unified Framework

Controllable Generation

dx = [f(z,t) — g(t)*V log pi(x]y)]dt + g(t)dw
_ time-dependent classifier
/ Bayesian (quidance term)

dz = {f(z,t) — 9(t)*[Va log py(2) + Vllog pi(ylx)D}dt + g(t)di

unconditional model

34



ILVVR: Conditioning Method for DDPM*

Latent Variable 4 f
Refinement  q(y;-1|y) ”

-

Algorithm 1 Iterative Latent Variable Refinement

Input: Reference image y
Output: Generated image x
¢ (+): low-pass filter with scale N
Sample 27 ~ N(0,I)
fort=1T,..,1do
z ~ N(0,I)
xy_q ~ po(xi_q|Tt) > unconditional proposal
;1 ~ q(ys_1ly) > condition encoding
lzes — on(ye) + 2y — dn(x,_y)) >y =2y +a(On(Yi—1) — dn (1))
end for
return xo

—_ =
oS I - AU o

*[2108.02938] ILVVR: Conditioning Method for Denoising Diffusion Probabilistic Models (arxiv.org)

35


https://arxiv.org/abs/2108.02938

RePaint: Inpainting using Denoising Diffusion Probabilistic Models*

Same idea but different downstream tasks from ILVR

Algorithm 1 Inpainting using our RePaint approach.

Input Mask I: zr ~ N(0,1)
2. fort=T,...,1do
3: foru=1,...,U do

* 4: e~N(0,I)ift > 1,elsee =0 o
5: 2OV = JFrxo + (1 — @)e unconditional
6: z2~N(0,I)if¢t > 1, elsez=0

Mask Inv. T e = \/%—t (33t — —\/f_‘—&tee(azt,t)) + oz

8: i1 =m O + (1 —m) © ™o

* 9: if u < U and ¢t > 1 then
10: Tt r~ N(\/ 1 — Bec1xi—1, ﬁt—lI)
11: end if
12: end for

Next 13: end for

- 14: return xg
[teration

*[2201.09865] RePaint: Inpainting using Denoising Diffusion Probabilistic Models (arxiv.orq) 36



https://arxiv.org/abs/2201.09865

Diffusion Posterior Sampling for General Noisy Inverse Problems*

General forward model y = A(xo) +n, y,n €R”, z c R?

Algorithm 2 DPS - Gaussian [8]

p(ylzo) = 1 exp [_ ly — A(mo)H%] Require: N, y, {(i}?il,{(”ri}izlw
(27{')"02” 202 1: xy ~A(00,])

2: fori=N-1to0do
3: §—sp(x;,1)
4: Rp— \/%i(xi+\/l—di§)
5 z~N (01
6: x:._l — mii:jcji_l)xi + \/?i__@liﬁi J%g+5’iz
7 Xi—1 < X;_; —{iVy, ||y—&f’(ﬁo)||§
8: return Xx

Va, log pi(xi|y) = Vg, log pi(x:) + Vg, log pi(y|x:)
=+ Sp = Vxlly = ARz Va, logpi(i|y) ~ sg- (x4,t) — pVa, |y — A(Zo)||3

*[2209.14687] Diffusion Posterior Sampling for General Noisy Inverse Problems (arxiv.orq) 37



https://arxiv.org/abs/2209.14687

Denoising Diffusion Models for Plug-and-Play Image Restoration

HQS as one diffusion step

I

%, = argmin |ly — H(x;)||* + pol||xe — 2]

Algorithm 2 Extended Sampling I: DPSy;

Xy Require: so, T, y, 0n, {0t }—1. A

Zy = arg min

AT

y = A(x) &

~ 112 I:
— X ||” + Pz
¢ f” ( f) :fort =71 to1ldo

2
3:
4

Initialize x7 ~ N(0,I)

€t N~ N(O, I)
Zi—1 = \/%—f (Xt — \/lﬁ_*—atee(xt,t)) + /Beer // one step

reverse diffusion sampling

Xi—1 = Zt_l—%vth |lye—1—H(ze—1)||* #/Solving
T

data proximal subproblem

. end for

return xg

arg,, min |y — H(x)||* + uof |Ixe = ||

, U

2V, lly = H(z)|2

2\a? 38

}A(tn’\iit*



Diffusion Model Based Posterior Sampling for Noisy Linear Inverse Problems*

Vi, logp(y | x¢) ~ th log p(y | x¢)

S DN 1 1
_\/—Ey_tA ( 1+ ay —LAA ) (v - NG Axy) Algorithm 1: DMPS: DM based posterior sampling
Input: y, A, 02, {G+}/_1, A
A itself is row-orthogonal }_‘mt;ahz;t;onl‘ :T ~N(0.1)
1 fort =Tto1do
N (y \/_ ) 2 Draw z; ~ N (0,1)
[V, og Py | Xt))m = 2\/*_'_1 &y 4 ||a [ 3 Xi—1 = —=(x¢ — ==2L-s9(x¢, 1)) + 512
mil2 - Jag M_a, 0\t L4t
4 Compute Vy, log p(y | x¢) as (12)
1—ovy ~
efficient computation via SVD 5| X1 = X1+ ATV log ply | X4)

Vi, log p(y | x¢) ~ Vx, logp(y | x¢) Output: x

1 1 —aoy —1 1
=—V5_]( 21 »2)  (UTy — —vTx,),
o o\ T ) (UTy TV ),

(12)

*[2211.12343] Diffusion Model Based Posterior Sampling for Noisy Linear Inverse Problems (arxiv.org) 39



https://arxiv.org/abs/2211.12343

Denoising Diffusion Restoration Models (DDRM)*

An efficient, unsupervised
posterior sampling method

y

%, = H'y+ (I - H' H)x,
Denoise Updated denoise result

r
o TN
WV

Diffusion Model
Linear combination

[H = Diagonal with 0 and 1's]
SVD
y=Hxo+z c—> U'y=%(V'x))+U'z

*[2201.11793] Denoising Diffusion Restoration Models (arxiv.orq) 40



https://arxiv.org/abs/2201.11793

Denoising Diffusion Restoration Models (DDRM)*

Linearinverseproblem y = Hx +z ==>y =Xo+ 2 a(y7|x0) = N(x", 02 /s2)

( )& x0,y) = {N(y(“ o2 —‘;—2) ifs; >0 N\
0:¥) = i ‘ .
X VT forward N o) ifs; =0
SVDH = UZVT => Xt ;ft N(Xg‘) +4/1—n? (n# n?o?) ifs; =0
ZTU q(t)(igij|xt+1;X07Y) = N(x((f) + —n20y (: /f() n?c?) ifoy < Z—y
\ reverse N((1 - nb)x[()) +my P, oF — %7}5) if oy > Z—’z’j
2
T NGEFD o2 — %) ifs; >0 .
( )(XT IY) (v, T S?) . ’ singular values s1 > s2 > ... > s,
N(0,02.) ifs; =0
¢ @) OO _
N(x,, +1—n%0, % n’c?) ifs; =0 y null-space
(t) 5(8) _ _(i y (%" : .
DDRM Py (X [Xe41,¥) =9 ./\f(xg‘% + 41— ﬁZOtﬁ,’UQO?) if oy < Ui’ final steps
(¢) 02 2 . o
\N((l n)xgt+77y() Ut_gnb) ifo, > =~

generative part

i

*[2201.117931 Denoising Diffusion Restoration Models (arxiv.orq)

These equations in DDRM are in VESDE form 41


https://arxiv.org/abs/2201.11793

Zero-Shot Image Restoration Using Denoising Diffusion Null-Space Model*

Decouple x =ATAx+ (I—-ATA)x

range-space of A null-space of A

Consistency : Ax =Yy, Realness : %X ~ q(x)

Reconstruction % — A‘Ly +(I- ATA)R fln_d a properft_hat makes the null-space term
Is in harmony with the range-space term

Diffusion Models X, = ATy + (I- ATA)XOH;

. . p ; “’\.' |
L‘a AX AT ” "
b Ng» E -
X — D X —
P 0\t N v 0t Y
0*_"* ° (I-ATA)x, P4 EB_»Q*"'*Q
S

(a)

*[2212.00490] Zero-Shot Image Restoration Using Denoising Diffusion Null-Space Model (arxiv.orq)

42


https://arxiv.org/abs/2212.00490

Zero-Shot Image Restoration Using Denoising Diffusion Null-Space Model

Algorithm 1 Sampling of DDNM

Algorithm 2 Sampling of DDNM™

1:

x7 ~ N(0,1)

2: fort =T, ...,1do

X0|t e \/_;&t (xt —Ze(Xt,t)\.fl —_— C_}:'t)
%ot = Aly + (I — ATA)xq;
Xt—1 Np(xt—1|xt,~5((}|t)

return xg

l: XT NN(O,I)
2: fort =T,...,1do
3: L =min{T —t1}
: Xepr ~ q(Xeqr|xe)
forj = L,...,0do

1
5:
6: X0|t+j = ﬁﬂ (xt+5 — Zo(xe4j,t + 7)) /1T — &y j)
7 Rojt4; = Xo[t4+; — Bt AT (Axoe45 — ¥)

8

9:

Xi4j—1 ™ ﬁ(XtJrj—l |xt+j= i0|t+j)
return xg
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IIGDM: Pseudoinverse-Guided Diffusion Models for Inverse Problems*

XT

Pseudoinverse guidance (I1()

. Denoise > Xy as vee —
| t ‘1 . 1
| h'(y) — h'(h(x.)) VJP |
I = I
I " OX, |
| Xy |
I |
K |
I |
Case 1: Noise is positive
. —1 ox T
Vi, log pe(y[x:) ~ ((y —H%,)' (F{HH'" +0,I) H a—x: ) :
Measurement y vector Jacobian

L. Backprop through diffusion model
Case 2: Noise is zero

= A OXi\ T
Vx, log p(y|x:) ~ r ?((H'y — HTHX,)T(')_xt)
t
H' =H"(HH")™' ismatrix pseudoinverse!

*Pseudoinverse-Guided Diffusion Models for Inverse Problems | OpenReview 44



https://openreview.net/forum?id=9_gsMA8MRKQ

On Equivalence of Diffusion Posterior Sampling Strategies

DPS Xy A~ Xt — (¢ Vx, log p(y[x¢) \

Vi, logp(y | x¢) =~ Vi, log p(y | x4)

1 1— c‘vt - 1
= AT 21+ AAT) 1 — —Ax
NG ay v VO )

some coefficient

DDNM }A(Olt u ATy K (I ) ATA)XOH /
= xo; — (ATAxo; — Aly)

— X0|t — AT(AXOH — Y)




Solving Image Restoration Tasks lteratively (Traditional PnP Methods)

Image Restoration by lterative Denoising and Backward Projections

Plug-and-Play Image Restoration with Deep Denoiser Prior

Algorithm 2 Tterative Denoising and Backward Projections
(IDBP)

Algorithm 1: Plug-and-play image restoration with
deep denoiser prior (DPIR).

Input: H .y, 0., denoising operator D(-; o), stopping
criterion. y = Hx + e, such that
e ~N(0,021,,) and x is an unknown signal
whose prior model is specified by D(; o).
Output: & an estimate for .
Initialize: y, = some initialization, £ = (, 0 approx.
satisfying (12).
while stopping criterion not met do
k=k+1;
Ty = D(Yr-1;0. +90);
g = H'y + (I, — H H)Zy;

Input : Deep denoiser prior model, degraded
image y, degradation operation 7, image
noise level o, 0. of denoiser prior model at
k-th iteration for a total of K iterations,
trade-off parameter \.

Output: Restored image z .

Initialize z( from y, pre-calculate ay, = Ao? /7.
fork=1,2,---, K do
x), = argmin ||y — T(x)||? + arl/x — z1_1]|*; /
Solving data subproblem
z, = Denoiser(Xk, o) ; // Denoising with deep
DRUNet denoiser and periodical geometric

W N =

'Sy

end self-ensemble
T = 2 5 end
What are the advantages of diffusion sampling framework?
In our experiment all methods use the same diffusion model checkpoints -> schedule is all you need!!
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Sampling from Langevin Dynamics?

[2103.04715] Bayesian imaging using Plug & Play priors: when Langevin meets Tweedie (arxiv.org)

Algorithm 1 PnP-ULA

Require: n € N, y € R™, £, \,a,0 > 0, C C R? convex and compact
Ensure: 2\(2L, + aL/e) < 1and 6 < (1/3)(L, + 1/XA + aL/e)~!
Initialization: Set X, € R? and k = 0.
for k=0:N do
Ziy1 ~N(0,1d)
Xip1 = Xk + 6V 1og(p(y| Xi)) + (ad/e)(De(Xy) — Xi) + (6/A) (e (Xi) — Xi) + V202341
end for
return {X. : k€ {0,...,N+1}}

[1611.02862] The Little Engine that Could: Reqularization by Denoising (RED) (arxiv.orq)
An Interpretation Of Reqularization By Denoising And Its Application With The Back-Projected Fidelity Term

Tit1 = T — [J,(Vng(ﬂ:k) + )\gRED(:Ek)) Lk+1 = Lk — M (VBBP(mk) + )\QRED(mk))
= T — U (AT(Amk — ’y) + )\(:Bk — D(mk,o))) =X — U (AT(A:Bk — y) + /\(ﬂlk — D(ﬂ!}k; O’)))
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https://ieeexplore.ieee.org/abstract/document/9506499

PnP Generative Networks: Conditional Iterative Generation of Images in Latent Space*

Metropolis-adjusted Langevin algorithm (MALA) sampler

O0log p(x dlo = Y|
Tiqy1 = $t+€1 25( t)_|_€2 gp(gx (] | t) —|—N(O, Eg)
t t

dlogp(s) _ Rula) -
ox - o2

Denoising AutoEncoder output as score

0log C.(G(ht)) OG(hy)

hii1 = hit+e(Ru(he) —h +N(0, €3
t+1 t+€1(Rr(ht) —ht)+e2 3G (hy) oh, (0, €3)
latent prior condition noise

realistic e.g. class-specific diverse

*[1612.00005] Plug & Play Generative Networks: Conditional lterative Generation of Images in Latent Space (arxiv.orq) 48
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